Abstract. We show that every thick subcategory of the singularity category of a complete intersection ring is self dual. We also prove the analogous statement for thick subcategories of the bounded derived category and give applications to the symmetry of vanishing of cohomology. These results are also proved for certain complete intersection schemes.
Introduction
In [DT11] Dao and Takahashi pose the following question: given a local complete intersection R is it true that every resolving subcategory of the category of maximal CohenMacaulay R-modules, MCM(R), is closed under R-duals? We give an affirmative answer to this question using the classification of thick subcategories of MCM(R), the stable category of maximal Cohen-Macaulay R-modules, which was obtained in [Ste12] .
It turns out that the natural way to view this question seems to be in terms of the duality
op for a Gorenstein scheme X. In this case O X is a dualising complex so the perfect complexes are stable under this duality. Hence Grothendieck duality descends to the singularity category D Sg (X). One can then ask which "nice" subcategories of D b (Coh X) and D Sg (X) are self-dual. We do not know the answer to this question in general but we show that for certain complete intersection schemes every nice thick subcategory is self-dual in both of these categories; this is proved in Theorem 2.5 for the singularity category and in Corollary 4.11 for the bounded derived category. This implies the orthogonality relation for nice thick subcategories of these categories is symmetric.
Along the way (Theorem 4.9) we give, for such schemes, a classification of thick subcategories of D b (Coh X) which are closed under tensoring with perfect complexes (what we mean by nice above), which extends the known classifications for the perfect complexes and the singularity category.
Duality and singular supports on complete intersections
We begin by fixing some notation. For a scheme X (all our schemes are noetherian, separated and assumed to have enough locally free sheaves) we denote, as is usual, the bounded derived category of coherent O X -modules by D b (Coh X) (or D b (mod R) when X = Spec R) and the thick subcategory of perfect complexes by D perf (X). The singularity category of X, denoted D Sg (X), is defined to be the (idempotent completion of the) Verdier quotient D b (Coh X)/D perf (X). For us a complete intersection ring is a ring R such that there is a regular ring Q and a surjection Q −→ R with kernel generated by a regular sequence.
Let T be a separated regular noetherian scheme of finite Krull dimension and E a vector bundle on T of rank c. For a section t ∈ H 0 (T, E) we denote by Z(t) the zero scheme of t. We recall Z(t) can be defined globally by the exact sequence
It can also be defined locally by taking a cover
and defining an ideal sheaf I (s) by
We say the section t is regular if the ideal sheaf I (t) is locally generated by a regular sequence. Thus the zero scheme Z(t) of a regular section t is a locally complete intersection in T of codimension c. In our situation t is regular if and only if codim Z(t) = rk E = c (see for example [Mat80, 16 .B]). Let T and E be as above and let t ∈ H 0 (T, E) be a regular section with zero scheme X. Denote by N X/T the normal bundle of X in T . Consider the projective bundles P(E ∨ ) = T ′ and P(N ∨ X/T ) = Z with projections q and p respectively. Associated to these projective bundles are canonical line bundles O E (1) and O N (1) together with canonical surjections
The section t induces a section t ′ ∈ H 0 (T ′ , O E (1)) and we denote its divisor of zeroes by Y . The natural closed immersion Z −→ T ′ factors via Y . In summary we are concerned with the following commutative diagram (2.1)
and we use the notation occurring in it throughout.
By a theorem of Orlov [Orl06, Section 2] there is an equivalence of triangulated categories D Sg (X) ∼ = D Sg (Y ). We will assume throughout that O E (1) is ample (this is the case for instance if T is affine, so all our results hold for complete intersection rings). In this case [Ste12, Theorem 8.8] tells us that thick subcategories of D Sg (X) are in order preserving bijection with specialization closed subsets of Sing Y , the singular locus of Y .
We wish to show that every thick subcategory of D Sg (X) is closed under Grothendieck duality that is, if C ⊆ D Sg (X) is a thick subcategory and M ∈ C then the image of RHom(M, O X ) is in C. In particular we have C ∼ = C op . We do this in two steps: we first prove the functors giving Orlov's equivalence are sufficiently compatible with Grothendieck duality, and then we use this compatibility and a computation on Y to prove the statement. In the next two lemmas we describe the interaction of the functors p * and i * with the duality; these statements are surely well known to the experts. The behaviour of the pullback is standard and so we simply indicate the idea of a proof.
Proof. The claimed morphism always exists by nonsense. We can check locally that it is an isomorphism which reduces the proof to a standard fact from commutative algebra.
Slightly more care is required for the pushforward along i -we cannot expect that it commutes with duality on the nose. However, the result we need is again totally standard in our setting. Let us prepare a little before stating it. We know i * :
where N Z/Y is the normal bundle. In particular i ! O Y is a shift of a line bundle.
Then there is a canonical isomorphism
Proof. The proof comes down to composing a sequence of well known isomorphisms. We have
where the first non-trivial isomorphism is the usual duality isomorphism and the second holds since i ! O Y is a shift of a line bundle. Now let us briefly recall some notation and facts about singular support. We will then be ready to do the simple computation in D b (Coh Y ) which will essentially complete the proof of the theorem. We denote the projection
by π (in fact we use this notation for the projection regardless of the scheme involved, but this should cause no confusion). We recall from 
(where this equivalence is due to Krause [Kra05] ). Rather than assuming any knowledge of this machinery let us just say that the support of the image of an object
(this description can be found in the proof of [Ste12, Lemma 5.12]).
There is an equality
Proof. The result is immediate from the definition of the support we have given:
We note that this is precisely the support given by the induced action of
in particular it gives rise to the support theory on D Sg (X) classifying thick subcategories.
Hence every thick subcategory of D Sg (X) is self dual under the duality of D Sg (X) induced by Grothendieck duality.
Proof. Let M be an object of D b (Coh X) as in the statement. By Lemmas 2.2 and 2.3 we have an isomorphism 
On the other hand using the last lemma we can write
Combining these two sets of equalities we see πM and πM ∨ have identical supports. By the classification of thick subcategories given in [Ste12, Theorem 8.8] it follows that a thick subcategory of D Sg (X) contains πM if and only if it contains π(M ∨ ). Hence every thick subcategory of the singularity category of X is stable under the duality given by (−) ∨ .
When X is the spectrum of a complete intersection ring this gives a different proof of [AB00, Theorem 5.6 (10)] in the case of maximal Cohen-Macaulay modules (as well as extending it to our finer notion of support).
For rings we can, of course, restate this in the language of maximal Cohen-Macaulay (MCM) modules and feel it is worth explicitly doing so. Let R be a complete intersection ring and, as usual, denote by MCM R the Frobenius exact category of maximal CohenMacaulay R-modules and by MCM R its stable category. Note that for a MCM module M , considered as an object of
Grothendieck duality just sends M to the dual MCM module (recall that Hom R (M, R) is also MCM). In order to state the corollary let us recall the notion of a thick subcategory of an exact category.
Definition 2.6. Let A be an exact category. We say a full subcategory B ⊆ A is thick if B is closed under direct summands and if for every short exact sequence
where two of A, B, and C lie in B then the third object also belongs to B.
Corollary 2.7. Let R be a complete intersection. Then every thick subcategory of MCM R is closed under taking R-duals i.e., a thick subcategory of MCM R contains M if and only if it contains Hom R (M, R). Moreover, this is already true in the exact category MCM R: every thick subcategory of MCM R containing R is closed under R-duals.
Proof. The first statement follows from the equivalence of D Sg (R) and MCM R (see [Buc87] ) together with the observation that duality for the singularity category corresponds to taking R-duals under this equivalence. The statement for the exact category MCM R follows from the statement for the stable category via the bijection between the thick subcategories of MCM R containing R and the thick subcategories of MCM R.
Remark 2.8. Our results are also valid for rings which are locally abstract hypersurfaces. 
Symmetry of orthogonality
Our result on duality has implications for the symmetry of the vanishing of homs in the singularity category. We continue to use the notation and hypotheses of the last section. Given a set of objects A ⊆ D Sg (X) we denote the smallest thick subcategory containing A by A and the right perpendicular of this thick subcategory by A ⊥ . Note that the right perpendicular is again a thick subcategory.
Theorem 3.1. Let M and N be objects of D Sg (X). Then
So, by Theorem 2.5, we see that
This gives a version for the singularity category of the symmetry of vanishing part of a theorem of Avramov and Buchweitz [AB00, Theorem III]. It is perhaps worth pointing out that, in constrast to the work of Avramov and Buchweitz, we do not rely on cohomology operators.
We have the following corollary which gives a statement closer in spirit to the theorem of Avramov and Buchweitz (and, in fact, restates and gives a new proof of part of it).
Corollary 3.2. Let R be a complete intersection ring and let M and N be maximal Cohen-Macaulay R-modules. Then the following are equivalent:
Proof. Corollary 2.7 gives the equivalence of (iii) and (iv) and it is evident that (iii) and (iv) imply (i) and (ii) respectively. We prove that (i) implies (iii) (the proof that (ii) implies (iv) being identical). Consider the full subcategory
of the stable category. One sees easily that the subcategory K is a preaisle i.e., it is closed under sums, summands, positive suspensions and extensions. Using [DT11, Corollary 4.16] (and noting that the result remains true for complete intersections of the form we consider) we see it must therefore be a thick subcategory -it is also closed under desuspensions. Hence K is actually M ⊥ . The claim now follows as by (i) some Σ i N ∈ K and hence N ∈ K = M ⊥ .
Thick subcategories of the bounded derived category
We wish to extend the self-duality result for thick subcategories of the singularity category to the bounded derived category of X, where X is as in Section 2. We do this by first extending the classification of thick subcategories of D Sg (X) of [Ste12] to D b (Coh X). We note that Iyengar has reported [Iye] a classification of the thick subcategories of D b (mod R), for R a locally complete intersection essentially of finite type over a field, in terms of the spectrum of the Hochschild cohomology ring. When both results apply our result gives an alternative description of the thick subcategories in terms of Spec R and the generic hypersurface Y ; from this one can recover the spectrum of the Hochschild cohomology, see Proposition 4.13.
Let Th ⊗ (D perf (X)) denote the lattice of thick tensor ideals of D perf (X). Similarly we let Th ⊗ (D b (Coh X)) and Th(D Sg (X)) denote the lattice of thick subcategories of D b (Coh X) which are closed under tensoring with objects of D perf (X) i.e. the D perf (X)-submodules, and the lattice of thick subcategories of D Sg (X) respectively. For a collection of objects M ⊆ D b (Coh X) we will denote by M ⊗ the smallest D perf (X)-submodule containing M and we use similar notation for ideals in the perfect complexes and thick subcategories of the singularity category.
Recall that there are lattice isomorphisms between Th ⊗ (D perf (X)) and the lattice of specialization closed subsets of X by work of Thomason [Tho97] and between Th(D Sg (X)) and specialization closed subsets of Sing Y where Y is a generic hypersurface as in (2.1). We will use these classifications together with the quotient sequence
We note that this is not possible for a general quotient sequence.
For K ∈ Th ⊗ (D b (Coh X)) we set
We associate to K a pair of subsets, namely supph K, the homological support of K
and supp D(QCoh Y ) πK, the singular support of K
The first computation we need, concerning the perfect part of K, follows easily from the following slight generalization of a result of Dwyer, Greenlees, and Iyengar. The proof of this extension uses the machinery of tensor actions [Ste]; we prefer not to get into the preliminaries required here as this machinery is not needed explicitly elsewhere. 
This is done by lifting W i ⊕ ΣW i and then, if necessary, tensoring with a perfect complex with the same support as M in order to fix the support. Thus ( W j )| Ui ∈ M | Ui for each i and j by the classification of thick subcategories of D perf (U i ) since
We now use the local-to-global principle to deduce the desired statement. There is an action of D(QCoh X) on K(Inj X), denoted ⊙, which restricts to an action of
which is compatible with this latter equivalence ([Ste12, Lemma 5.4]). Since the structure we are interested in is compatible with this equivalence we don't introduce notation to distinguish between objects of D(QCoh X) and their K-injective resolutions viewed as objects of K(Inj X).
Let N be the smallest localizing subcategory of K(Inj X) containing M and closed under the D(QCoh X)-action. Since N contains each M | Ui it contains the ( W j )| Ui and thus by the local-to-global principle (see [Ste, 6.1 and 6.9]) it contains the W j . Now observe that there are equalities 
The thick subcategory K perf is non-zero if K is non-zero and there is an equality
Proof. For every object M of D b (Coh X) there is, by the last lemma, a perfect complex W with W ∈ M ⊗ and M ∈ W loc,⊗ . It follows in a straightforward way from the properties of the support and [AJS04, Corollary 4.13] that supph W = supph M . Both statements of the lemma are thus immediate.
Proof. It is sufficient to show that any map from a perfect complex to an object of K factors through an object of K perf . By the last lemma there is an equality
supph K (X) of thick subcategories, where the category on the right is, as usual, the full subcategory of perfect complexes supported on supph K. Suppose we have P ∈ D perf (X) and E ∈ K so, in particular,
perf as required which proves the lemma.
We now define the lattice which will control the thick
Definition 4.4. We use the notation of diagram (2.1). We set S = {(V, W) ∈ X × Sing Y | V, W are specialization closed, and pi −1 (W) ⊆ V}.
Componentwise inclusions, intersections, and unions give S a lattice structure.
Lemma 4.5. There is a function σ : Th
where we view K Sg as a full subcategory of D Sg (X) using Lemma 4.3.
Proof. All we need to check is that
This is easily seen from the description of the singular support given before Lemma 2.4: if
Proof. All one needs to check is that τ (V, W) is a thick D perf (X)-submodule and this is easily deduced from the properties of the support (see [Ste, Proposition 5.7] for properties of supp D(QCoh Y ) ).
We now prove the main result of this section, namely that τ and σ give a bijection.
Lemma 4.7. The map τ is a split monomorphism with left inverse σ i.e., στ = id S .
Proof. Say (V, W) ∈ S. We need to check that
is equal to (V, W).
First observe that
where the first equality is Lemma 4.2 and the last equality follows (for example) from the classification of thick ideals of D perf (X) given in [Tho97] . Lemma 4.8. The map σ is a split monomorphism with left inverse τ i.e., τ σ = id S .
We have K ⊆ τ σK and we need to check the reverse inclusion. First observe that
by Lemma 4.2 and the classification result for D perf (X). Thus we have fully faithful functors K Sg −→ (τ σK) Sg −→ D Sg (X). The classification of thick subcategories for D Sg (X) implies that the idempotent completions of K Sg and (τ σK) Sg in D Sg (X) agree as they correspond to the same subset of Sing Y . As K Sg is already idempotent complete in (τ σK) Sg these two categories must agree. Thus
showing that τ σK = K as desired.
Combining the last two lemmas proves the following classification theorem. In particular, if X ∼ = Spec R is affine then this gives a classification of thick subcategories of D b (mod R).
Remark 4.10. It is appropriate at this juncture to make some remarks concerning special cases of the bijection and similar results in the literature. As we have already mentioned Iyengar has a proof of this classification ( [Iye] ) for locally complete intersections essentially of finite type over a field; this particular result will be discussed further below. In [Tak, Theorem 3.13] Takahashi gives a partial proof of the theorem for abstract hypersurface rings. Namely, he considers the case of thick subcategories containing the perfect complexes i.e., elements of the form (Spec R, W) ∈ S. This reduces to the classification for thick subcategories of the singularity category (at the other extreme, where one considers pairs (V, ∅) one reduces to the classification of thick ideals of perfect complexes).
The full classification for the bounded derived categories of elementary abelian p-groups goes back to the work of Benson, Carlson, and Rickard [BCR97] ; the extension from the singularity category to the bounded derived category is simplified in this case as the rings involved are artinian.
We have the following corollary of the classification theorem extending our self-duality result for the singularity category.
Proof. By the theorem a thick submodule 
is X a complete intersection (possibly in a more general sense than we have used i.e., locally a complete intersection)? I am aware of little evidence that this should be the case, so, restricting to the affine case, it is perhaps better to ask what class of rings this condition classifies?
Of course it would also be interesting to understand how the thick subcategories of D b (mod R) for a general Gorenstein R (or more generally scheme X) are permuted by the duality. However, this seems at the current time to be out of reach; no general classification of thick subcategories has been obtained nor does there even seem to be any reasonable candidates for a support datum.
As in the case of the singularity category the duality result we have proved has consequences for vanishing of cohomology. We restrict ourselves to the case X = Spec R is affine. As the proof is basically identical to the proof of Theorem 3.1 we do not include it. This extends part of a theorem of Avramov and Buchweitz [AB00, Theorem III] to the bounded derived category.
We end with an amusing consequence of the classification: one can, at least in theory, use the classification to compute the spectrum of some Hochschild cohomology rings via Iyengar's result [Iye] .
Proposition 4.13. Let R be a complete intersection that is essentially of finite type over a field K. Denote by cl(S) the sublattice of S consisting of pairs (V, W) where V and W are closed in Spec R and Sing Y respectively. Then Spec cl(S), the spectral space of prime filters on cl(S), is naturally homeomorphic to Spec h HH * (R/K) the homogeneous spectrum of the Hochschild cohomology of R over K.
Proof. There are lattice isomorphisms specialization closed subsets of Spec h HH * (R/K)
where the first isomorphism is due to Iyengar [Iye] , s is as in [BIK11, Theorem 6.1], and t is the obvious inverse. One checks easily that closed subsets of Spec h HH * (R/K) correspond to singly generated thick subcategories of D b (R) which in turn correspond to elements of cl(S). Now one just needs to note that, by the theory of duality for distributive lattices, Spec h HH * (R/K) is determined by its lattice of closed subsets; by the above bijections and observation this lattice is isomorphic to cl(S).
